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What is a fluid?

“A portion of matter that cannot withstand any tendency by applied forces to 
deform it in a way which leaves the volume unchanged.
A simple fluid may offer resistance to attempts to deform it, but this 
resistance cannot prevent the deformation from occurring, or equivalently, 
the resisting force vanishes with the rate of deformation”
(Bachelor 1967)



Examples of fluids



Dealing of fluids



https://it.wikipedia.org/wiki/Eulero 

Leonhard Euler («Eulero») 
Basilea 1707 – San Pietroburgo 

1783)

https://it.wikipedia.org/wiki/Eulero
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Euler’s equations

𝒗 = (𝑢 , 𝑣 , 𝑤 ) = (𝑣1, 𝑣2, 𝑣3)



Giuseppe Luigi Lagrange 
(Torino 1736 – Parigi 1813)



Eulerian approach Lagrangian approach



Rotation of the coordinate system

(Aris 1962)
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The velocity vector field

   𝑣𝑖 = 𝑣𝑖(𝑥1, 𝑥2, 𝑥3, 𝑡)    𝑖 = 1, 2, 3 



The velocity gradient tensor
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The rate of strain tensor
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The rate of rotation tensor
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Vorticity
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dV

Total external force exerted on the volume V :   
 

∫
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𝜌𝒇 𝑑𝑉

External (or body or long-range) forces
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Total force exerted by external forces on the volume V through its 

bounding surface S:   
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𝒕(𝒏)𝑑𝑆

Internal (or surface or short-range) forces



Augustin-Louis 
Cauchy (1789 –  1857)

Cauchy’s stress principle

The stress t(n) is a function of the position x, 
the time t, and the orientation n of the 
surface element:

t(n)(x,n,t)



Conservation of linear 
momentum
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-> Similar reasoning for angular momentum



ℓ

Let   be a characteristic linear dimension of a fluid 
body having a volume V bounded by a surface S. 
Then the volume will be , while the bounding 
surface will be , with the proportionality constants 
depending only on the shape.
Let the body shrink to a point, while preserving its 
shape: then the volume integrals will decrease as  , 
while the surface integral will  decrease as  .
From conservation of linear momentum it follows that:
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𝒕(𝒏)𝑑𝑆 = 0

In other words, the stress are always locally in 
equilibrium.



The stress tensor
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George Gabriel Stokes
(1819 –1903)







Navier-Stokes equation
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Other resources

Galley of Fluid Motions
American Physical Society (APS), Division of Fluid Dynamics
https://gfm.aps.org/ 
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