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What is a tensor?

• it is a multidimensional table of numbers

• it is a multilinear map

• it is an element point of the space Cn ⊗ Cn ⊗ Cn ∼= Cn3
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The field of tensor decomposition
A tensor T is an element of Cn ⊗ Cn ⊗ Cn that can be written in
coordinates as:

T =
∑
i ,j ,k

ti ,j ,kei ⊗ ej ⊗ ek .

The field of tensor decomposition focuses on minimizing the
number of summands needed in such decomposition of the
tensor.

Example

T = 3e1 ⊗ e1 ⊗ e1 − 3e1 ⊗ e1 ⊗ e2 + e1 ⊗ e2 ⊗ e1 − e1 ⊗ e2 ⊗ e2 +
6e2 ⊗ e1 ⊗ e1 − 2e2 ⊗ e1 ⊗ e2 − 2e2 ⊗ e2 ⊗ e2 ∈ C2 ⊗ C2 ⊗ C2 is
actually the tensor

T = (e1 + 2e2)⊗ (3e1 + e2)⊗ (e1 − e2).
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Tensor rank

An elementary tensor is a tensor of the form u ⊗ v ⊗ w for some
u, v ,w ∈ Cn.

The rank of a tensor T is the smallest r such that

T =
r∑

i=1

ui ⊗ vi ⊗ wi , ui , vi ,wi ∈ Cn.

Elementary tensors are rank-1 tensors.

4/21



Tensor rank

An elementary tensor is a tensor of the form u ⊗ v ⊗ w for some
u, v ,w ∈ Cn.

The rank of a tensor T is the smallest r such that

T =
r∑

i=1

ui ⊗ vi ⊗ wi , ui , vi ,wi ∈ Cn.

Elementary tensors are rank-1 tensors.

4/21



Tensor rank

An elementary tensor is a tensor of the form u ⊗ v ⊗ w for some
u, v ,w ∈ Cn.

The rank of a tensor T is the smallest r such that

T =
r∑

i=1

ui ⊗ vi ⊗ wi , ui , vi ,wi ∈ Cn.

Elementary tensors are rank-1 tensors.

4/21



The variety of elementary tensors

Elementary tensors in Cn ⊗ Cn ⊗ Cn are parametrized by the
Segre variety:
Seg(Cn × Cn × Cn) :=

{T ∈ Cn ⊗ Cn ⊗ Cn |T = a⊗ b ⊗ c , for some a, b, c ∈ Cn}
={T ∈ Cn ⊗ Cn ⊗ Cn | rk(T ) = 1}.

The Segre variety is the image of the map

Seg : Cn × Cn × Cn −→ Cn ⊗ Cn ⊗ Cn ∼= Cn3

(u, v ,w) 7→ (u1v1w1, . . . , uivjwk , . . . , unvnwn)

(u, v ,w) 7→ u ⊗ v ⊗ w .
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What happens for rank-2 tensors?

A rank-2 tensor T ∈ Cn ⊗Cn ⊗Cn is a tensor that can be written
as the sum of 2 rank one tensors T = u1⊗ v1⊗w1+ u2⊗ v2⊗w2.

The geometric picture to have in mind for
T = p1 + p2 = u1 ⊗ v1 ⊗ w1 + u2 ⊗ v2 ⊗ w2 is

Seg (Cn ⊗ Cn ⊗ Cn)

T
p1

p2

T ∈ ⟨p1, p2⟩ lives on a secant line.
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The variety of secant lines
The variety of secant lines of a Segre helps you understand
rank-2 tensors:

Seg (Cn ⊗ Cn ⊗ Cn)

T
p1

p2

honest secant lines =
rank-2 tensors

Seg (Cn ⊗ Cn ⊗ Cn)

T ′

tangent lines =
rank-3 tensors

Seg (Cn ⊗ Cn ⊗ Cn)p ∈ ⟨p, p⟩
points of the Segre =
rank-1 tensors
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These are all things that I learned during
my PhD here in Trento...
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Why are tensors sooooo important?

A tensor T ∈ Cn ⊗ Cn ⊗ Cn of rank r is identifiable if it can be
decomposed in a unique way as

T =
r∑

i=1

ui ⊗ vi ⊗ wi .

Having a unique decomposition allows to reconstruct the ini-
tial parameters of the model you are analyizing!
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Then I moved to Leipzig...
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... and I started to learn some new math!
random and metric algebraic geometry
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Symmetric Geometric rank
With J. Lindberg

Let T ∈ Sym3Cn and call A1, . . . ,An the slices of T .

The symmetric geometric rank of T is

SGR(T ) := codim{x ∈ Cn | xTA1x = · · · = xTAnx = 0}

=

A1

An

T
...

A1
(x1, . . . , xn2)

(x1, . . . , xn2)

x1
...
xn


x1

...
xn



= 0

= 0
An
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Symmetric Geometric rank
With J. Lindberg

F ∈ C[x1, . . . , xn](3)↔T ∈ Sym3Cn,
A1, . . . ,An the slices of T .

SGR(T ) := codim{x ∈ Cn | xTA1x = · · · = xTAnx = 0}

= codim

{
x ∈ Cn | ∂F

∂x1
= · · · = ∂F

∂xn
= 0

}
.

Recall:

• The zero locus XF = {F = 0} ⊂ Cn of F is an hypersurface.

• A point p ∈ Cn is singular for XF if F (p) = 0 and dF (p)
dxi

= 0
for all i .

• The singular locus of XF is Sing(F ) = { dF
dx0

= · · · = dF
dxn

= 0}.

SGR(T ) = codimCn(Sing(F )).
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SGR is useful to solve problems in
extremal combinatorics

An undirected uniform hypergraph is a couple (V ,E ), where

• V = {1, . . . , n}, vertices
• E ⊂ 2V contains the edges of the hypergaph and all of them
have cardinality 3.

Starting from (V ,E ) we can always construct a tensor

T = (ti ,j ,k) where

{
ti ,j ,k = 1, if {i , j , k} ∈ E

ti ,j ,k = 0, otherwise.

The independence number of an hypergraph is

# largest subset of V containing no edges of (V ,E ).

This number is difficult to compute in general, and SGR gives an
upper bound of it.

15/21



Then I moved to Osnabrueck

And I started working more on tensors coming from applications
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Signature tensors
[Chen ∼ 50s]

Consider a good path

X : [0, 1] −→ Rd

t 7→ (X1(t), . . . ,Xd(t)).

The signature of X is a sequence σ(X ) =
(
σ(k)(X )

)
k
where

σ(k)(X ) ∈ (Rd)⊗k with the convention that σ(0)(X ) = 1:

, , , . . .1 ,

d d × d d × d × d

σ(X ) :=
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Signature encodes information of the path

X
σ(X )

Theorem (Chen, ’58)

X ∼= Y if and only if σ(k)(X ) = σ(k)(Y ) for all k.
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•

•
• detecting the shape of a path from its signatures
(work in progress)
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and since April 2024 I’m back in Italy and
I’m part of the INABAG group
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Thank you for the attention!
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	General problem and notation

