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Linear algebra

Multilinear algebra

is extended to

Singular value decomposition

=

=

Tucker decomposition
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=

=

One interpretation of the compact SVD USV T of a rank-r
matrix A ∈ km×n is that it identifies

an orthonormal basis U of the column space of A,

an orthonormal basis V of the row space of A, and

the coordinates S of A relative to the bases U and
V .

This interpretation generalizes straightforwardly to ten-
sors. The resulting orthogonal Tucker decomposition
can be used for dimensionality reduction to the smaller
blue core tensor.
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Tensor product

The tensor product of two vector spaces V and W with respective bases {v1, . . . , vm} and
{w1, . . . ,wn} is defined as the vector space

V ⊗W := span(v1 ⊗ w1, . . . , v1 ⊗ wn, . . . , vm ⊗ w1, . . . , vm ⊗ wn),

where the tensor product of vectors ⊗ is bilinear:

(a + b)⊗ c = a⊗ c + b⊗ c,

a⊗ (b + c) = a⊗ b + a⊗ c,

(αa)⊗ b = α(a⊗ b) = a⊗ (αb).

It can be shown that dim V ⊗W = dim V · dim W .
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Every tensor T ∈ V ⊗W that is of the form

T = a⊗ b

can also be expressed as a linear combination of the foregoing vectors vi ⊗ wj . Indeed, if

a = a1v1 + a2v2 + · · ·+ amvm and b = b1w1 + b2w2 + · · ·+ anwn

then we have

T =

(
m∑
i=1

aivi

)
⊗ b =

m∑
i=1

(aivi )⊗ b =
m∑
i=1

aivi ⊗

 n∑
j=1

bjwj


=

m∑
i=1

n∑
j=1

(aivi )⊗ (bjwj) =
m∑
i=1

n∑
j=1

(aibj)vi ⊗ wj

In other words, T = a⊗ b can be represented in coordinates by a rank-1 matrix abT !
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The tensor product generalizes to an arbitrary number of vector spaces V1, . . . ,Vd . If Vk

has basis {vk1 , . . . , vknk}, then

V1 ⊗ · · · ⊗ Vd := span
(
{⊗(v1i1 , . . . , v

d
id

)}n1,...,ndi1,...,id=1

)
,

where the tensor product ⊗(·, . . . , ·) can be defined as

⊗(a1, . . . , ad) = a1 ⊗ (a2 ⊗ (· · · ⊗ (ad−1 ⊗ ad))) = a1 ⊗ a2 ⊗ · · · ⊗ ad

The tensor product is multilinear:

a1 ⊗ · · · ⊗ ak−1⊗
(
αak + βbk

)
⊗ ak+1 ⊗ · · · ⊗ ad

= αa1 ⊗ · · · ⊗ ad + βa1 ⊗ · · · ⊗ ak−1 ⊗ bk ⊗ ak+1 ⊗ · · · ⊗ ad

for all k = 1, 2, . . . , d .
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An element A ∈ V1 ⊗ · · · ⊗ Vd that is expressed as

A = a1 ⊗ · · · ⊗ ad

is called a pure, simple, elementary, or rank-1 tensor.

If ai = ai1vi1 + ai2vi2 + · · ·+ aini v
i
ni

, then, as before, we have

A =

n1∑
i1=1

· · ·
nd∑

id=1

(a1i1 · · · a
d
id

) v1i1 ⊗ · · · ⊗ vdid .

Hence, A is represented in coordinates by a special n1× · · · × nd coordinate d-array A in which

Ai1,i2,...,id = a1i1a2i2 · · · a
d
id
.
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A rank-1 tensor visualized in Tensorlab:
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Universal property

The universal property of the tensor product states that for every multilinear map
φ : V1 × · · · × Vd →W there is a unique linear map f : V1 ⊗ · · · ⊗ Vd →W such that the
diagram

V1 × · · · × Vd

V1 ⊗ · · · ⊗ Vd

W
φ

⊗
f

commutes.

A nice consequence is that it enables easy definitions of linear maps acting on tensors.
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Flattening

A flattening is the linear map induced via the universal property of the multilinear map

·(π;τ) : V1 × · · · × Vd → (Vπ1 ⊗ · · · ⊗ Vπk )⊗ (Vτ1 ⊗ · · · ⊗ Vτd−k
)∗

(a1, . . . , ad) 7→ (aπ1 ⊗ · · · ⊗ aπk )(aτ1 ⊗ · · · ⊗ aτd−k )T

where ·∗ denotes the dual. It is a technique to turn a tensor into a matrix in many ways, by
forgetting some of the tensor structure.

It is common to use the following shorthand notations in the literature:1

T(k) := T(k;1,...,k−1,k+1,...,d) and vec(T ) := T(1,...,d ;∅).

1Some authors define T(k) = T(k;k+1,...,d,1,...,k−1).
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For example, if

T =
r∑

i=1

ai ⊗ bi ⊗ ci ∈ V1 ⊗ V2 ⊗ V3

then the three standard flattenings are

T(1) =
r∑

i=1

ai (bi ⊗ ci )
T ∈ V1 ⊗ (V2 ⊗ V3)∗,

T(2) =
r∑

i=1

bi (ai ⊗ ci )
T ∈ V2 ⊗ (V1 ⊗ V3)∗,

T(2) =
r∑

i=1

ci (ai ⊗ bi )
T ∈ V3 ⊗ (V1 ⊗ V2)∗.
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In coordinates, flattenings can be defined as follows. Let T be an n1 × n2 × · · · × nd be a
d-array over k. Then, we can associate d vector spaces defined by these coordinates.

For example, a third-order tensor has 3 associated vector spaces:

Mode-1 vectors
(in kn1)

Mode-2 vectors
(in kn2)

Mode-3 vectors
(in kn3)
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A =

A(2) =

∈ kn1×n2×n3

∈ kn2×n1n3

Mode-2 flattening
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Flattening A(1)

Flattening A(2)

Flattening A(3)
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Flattenings can be implemented on a computer for tensors expressed in coordinates by
rearranging the elements in the d-array of size n1 × · · · × nd to form a 2-array of size
nπ1 · · · nπk × nτ1 · · · nτd−k

.

For example, an implementation of flattenings in Julia looks like this:

function flatten(A, pi, tau)

Aperm = permutedims([pi; tau])

Ak = reshape(Aperm, prod(size(A)[pi]), :)

return Ak

end

All flattenings A(1,...,k;k+1,...,d) in which the order of the factors is not changed can be
implemented on a computer for free, i.e., they only need reshape.
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Multilinear multiplication

The tensor product of linear maps Ai : Vi →Wi , where Vi ,Wi are finite-dimensional vector
spaces, is the unique linear map from V1 ⊗ · · · ⊗ Vd to W1 ⊗ · · · ⊗Wd induced by the
universal property applied to the multilinear map

(A1, . . . ,Ad) : V1 × · · · × Vd →W1 ⊗ · · · ⊗Wd ,

(v1, . . . , vd) 7→ (A1v1)⊗ · · · ⊗ (Advd).

We denote the induced linear map by A1 ⊗ · · · ⊗ Ad .
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Consequently, by the universal property,

(A1 ⊗ · · · ⊗ Ad)(v1 ⊗ · · · ⊗ vd) = (A1v1)⊗ · · · ⊗ (Advd).

For general tensors A =
∑r

i=1 a1i ⊗ · · · ⊗ adi ∈ V1 ⊗ · · · ⊗ Vd we then have

(A1 ⊗ · · · ⊗ Ad)(A) = (A1 ⊗ · · · ⊗ Ad)

(
r∑

i=1

a1i ⊗ · · · ⊗ adi

)

=
r∑

i=1

(A1 ⊗ · · · ⊗ Ad)(a1i ⊗ · · · ⊗ adi )

=
r∑

i=1

(A1a1i )⊗ · · · ⊗ (Adadi )
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The shorthand notation

(A1, . . . ,Ad) · A := (A1 ⊗ · · · ⊗ Ad)(A)

is commonly used in the literature. This operation is called multilinear multiplication.

The notation
Ak ·k A := (Id, . . . , Id,Ak , Id, . . . , Id) · A

is also used in the literature. This operation is called a mode-k multiplication.
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Note that

[(A1, . . . ,Ad) · A](k) = AkA(k)(A1 ⊗ · · · ⊗ Ak−1 ⊗ Ak+1 ⊗ · · · ⊗ Ad)T

Hence, a multilinear multiplication can be computed in practice as follows:

function multilinear_multiplication(As, T)

n = size(T)

m = [size(A,1) for A ∈ As]

for k = 1 : length(As)

T = reshape(T, n[k], :)

T = transpose(T) * transpose(As[k])

end

T = reshape(T, m)

end
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Tucker decomposition

The Tucker decomposition of A ∈W1 ⊗ · · · ⊗Wd reveals a tensor product basis A1 ⊗ · · · ⊗ Ad

and the coordinates C of a separable subspace V1 ⊗ · · · ⊗ Vd in which A lives.

=
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Assume we have a basis {vk1 , . . . , vkrk} of the rk -dimensional vector subspace Vk ⊂Wk and
that A ∈ V1 ⊗ · · · ⊗ Vd ⊂W1 ⊗ · · · ⊗Wk . Then, there exist coefficients ci1,...,id ∈ k such that

A =

r1∑
i1=1

· · ·
rd∑

id=1

ci1,...,id v1i1 ⊗ · · · ⊗ vdid .

This is called a Tucker decomposition of A.

The r1 × · · · × rd d-array C is called the core tensor.
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Another viewpoint is as follows. Let A ∈W1 ⊗ · · · ⊗Wd . If there exist linear maps
Ai : Vi →Wi and a tensor C ∈ V1 ⊗ · · · ⊗ Vd such that

A = (A1 ⊗ · · · ⊗ Ad)(C) = (A1, . . . ,Ad) · C ,

then this expression is a Tucker decomposition of A.
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Multilinear rank

We say that V1 ⊗ · · · ⊗ Vd is the minimal separable tensor subspace A ∈W1 ⊗ · · · ⊗Wd

lives in if
A ∈ V1 ⊗ · · · ⊗ Vd ⊂W1 ⊗ · · · ⊗Wd .

and there are no V ′k ⊂ Vk with at least one of these containments strict such that
A ∈ V ′1 ⊗ · · · ⊗ V ′d .

Lemma

Let A ∈W1 ⊗ · · · ⊗Wd . The minimal separable tensor subspace in which A lives is
V1 ⊗ · · · ⊗ Vd if and only if

Vk = span(A(k))

for all k = 1, 2, . . . , d.
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Definition (Hitchcock, 1928)

The multilinear rank of A is the tuple containing the dimensions of the minimal subspaces Vk

that comprise the minimal separable tensor subspace that A lives in:

mlrank(A) := (dim V1, dim V2, . . . , dim Vd).
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In case the matrix A lives in the minimal separable tensor subspace V1 ⊗ V2, the multilinear
rank is, by definition,

mlrank(A) = (dim V1, dim V2) =
(
rank(A(1)), rank(A(2))

)
=
(
rank(A), rank(AT )

)
.

In the matrix case, we attach special names to V1 and V2:

V1 is the column space or range, and

V2 is the row space.
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When A ∈ V1 ⊗ V2 lives in the minimal separable tensor subspace V1 ⊗ V2, the fundamental
theorem of linear algebra states that dim V1 = dim V2. Therefore,

mlrank(A) = (dim V1, dim V2) = (r , r).

That is, not all tuples are feasible multilinear ranks! This observation generalizes to
higher-order tensors.

Proposition (Carlini and Kleppe, 2011)

Let A ∈W1 ⊗ · · · ⊗Wd with multilinear rank (r1, . . . , rd). Then, for all k = 1, . . . , d we have

rk ≤
∏
j 6=k

rj .

The proof is left as an exercise.
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Higher-order singular value decomposition

The compact higher-order singular value decomposition (HOSVD), popularized by De
Lathauwer, De Moor, and Vandewalle (2000) but already introduced by Tucker (1966), is a
particular strategy for choosing orthonormal bases of Vk for a tensor

A ∈ V1 ⊗ · · · ⊗ Vd ⊂W1 ⊗ · · · ⊗Wd .
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The HOSVD chooses as orthonormal basis for Vk the left singular vectors of A(k). That is,
let the compact SVD of A(k) be

A(k) = UkΣkQ∗k .

Then a basis of Vk is given by Uk ∈ knk×rk .

This orthogonal basis of V1 ⊗ · · · ⊗ Vd ,

U1 ⊗ · · · ⊗ Ud := [u1
i1 ⊗ · · · ⊗ ud

id
]r1,...,rdi1,...,id=1,

is called an HOSVD basis. It reveals (a basis for) the minimal separable tensor product
subspace in which A lives.
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Since A lives in V1 ⊗ · · · ⊗ Vd and span(Uk) = Vk , there must exist coordinates C ∈ kr1×···×rd

A = (U1 ⊗ · · · ⊗ Ud)(C) = (U1, . . . ,Ud) · C

so that

(U∗1 , . . . ,U
∗
d) · A = (U∗1 , . . . ,U

∗
d) · ((U1, . . . ,Ud) · C)

= (U∗1U1, . . . ,U
∗
dUd) · C

= C .
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By definition of the compact SVD, we have

rk = dim Vk = rank(Uk),

so the HOSVD reveals the multilinear rank as well.
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Algorithm 1: HOSVD Algorithm

input : A tensor A ∈ kn1×n2×···×nd
output: The components (U1,U2, . . . ,Ud) of the HOSVD basis
output: Coefficients array C ∈ kr1×r2×···×rd
for k = 1, 2, . . . , d do

Compute the compact SVD A(k) = UkΣkQ∗k ;

end
C ← (U∗1 ,U

∗
2 , . . . ,U

∗
d) · A;

Nick Vannieuwenhoven (KU Leuven) Tensor decompositions and their applications 40 / 66



The HOSVD provides a data sparse representation of tensors A living in a separable
subspace.

If A ∈ kn1×n2×···×nd has multilinear rank (r1, r2, . . . , rd), then it can be represented exactly via
the HOSVD using only

d∏
k=1

rk︸ ︷︷ ︸
core tensor

+
d∑

k=1

nk rk︸ ︷︷ ︸
basis vectors

�
d∏

k=1

nk

storage (for C and the Ui ).
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Approximation algorithms (by truncation)

In applications, tensors A often (only) lie close to a separable subspace V1 ⊗ · · · ⊗ Vd . This
leads naturally to

The low multilinear rank approximation (LMLRA) problem

Given A ∈ kn1×···×nd and a target multilinear rank (r1, . . . , rd), find a minimizer of

min
mlrank(B)≤(r1,...,rd )

‖A − B‖F

Visually, we want to approximate A by

A
≈ U1 U2

U
3

S
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Since mlrank(B) ≤ (r1, . . . , rd) is equivalent to the existence of a separable subspace
V1 ⊗ · · · ⊗ Vd in which B lives, we can write B = (U1,U2, . . . ,Ud) · C where Uk ∈ knk×rk can
be chosen orthonormal by the existence of the HOSVD.

After finding the subspace, the optimal approximation B is the orthogonal projection of A
onto this subspace:

B = PU1⊗···⊗Ud
A.

Consequently, the problem is equivalent to

min
Uk∈Stnk ,rk

‖A − PU1⊗···⊗Ud
A‖F

where Stm,n is the Stiefel manifold of m × n matrices with orthonormal columns.
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Proposition (V, Vandebril, and Meerbergen, 2012)

Let U1 ⊗ · · · ⊗ Ud be a tensor basis of the separable subspace V1 ⊗ · · · ⊗ Vd . Then, the
approximation error

‖A − PU1⊗···⊗Ud
A‖2F =

d∑
k=1

‖πpk−1
· · ·πp1A − πpkπpk−1

· · ·πp1A‖2F =
d∑

k=1

‖π⊥pkπpk−1
· · ·πp1A‖2F ,

where p is any permutation of {1, 2, . . . , d} and

πkA = (UkU∗k ) ·k A and π⊥k A := (I − UkU∗k ) ·k A.

Visually, the proposition states that an error expression is

− =

=‖A − π1π2π3A‖2
+ +

+ +‖π⊥1 A‖2 ‖π⊥2 π1A‖2 ‖π⊥3 π1π2A‖2
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Since orthogonal projections only decrease unitarily invariant norms, we also get the

Corollary

Let U1 ⊗ · · · ⊗ Ud be a tensor basis of the separable subspace V1 ⊗ · · · ⊗ Vd . Then, the
approximation error satisfies

‖A − PU1⊗···⊗Ud
A‖2F ≤

d∑
k=1

‖π⊥k A‖2F ,

where πjA = (UjU
H
j ) ·j A.

Visually, the corollary states that an upper bound is

− ≤≤

‖A − π1π2π3A‖2
+ +

+ +‖π⊥1 A‖2 ‖π⊥2 A‖2 ‖π⊥3 A‖2
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A closed solution of the LMLRA problem

min
Uk∈Stnk ,rk

‖A − PU1⊗···⊗Ud
A‖F

is not known.

Nevertheless, we can exploit the error expression and the upper bound for choosing good, even
quasi-optimal, separable subspaces to project onto.
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T-HOSVD

The idea of the truncated HOSVD (T-HOSVD) is minimizing the upper bound on the error:

− ≤≤

‖A − π1π2π3A‖2
+ +

+ +‖π⊥1 A‖2 ‖π⊥2 A‖2 ‖π⊥3 A‖2

If the upper bound is small, then evidently the error is also small.
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Minimizing the upper bound results in

min
π1,...,πd

‖A − π1 · · ·πdA‖2F ≤ min
π1,...,πd

d∑
k=1

‖π⊥k A‖2F

=
d∑

k=1

min
πk
‖π⊥k A‖2F

=
d∑

k=1

min
Uk∈Stnk ,rk

‖A(k) − UkU∗kA(k)‖2F

This has a closed form solution, namely the optimal Uk should contain the rk dominant left
singular vectors. That is, writing the compact SVD of A(k) as

A(k) = UkΣkQT
k ,

then Uk contains the first rk columns of Uk .
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The resulting T-HOSVD algorithm is thus but a minor modification of the HOSVD
algorithm.

Algorithm 2: T-HOSVD Algorithm

input : A tensor A ∈ kn1×n2×···×nd
input : A target multilinear rank (r1, r2, . . . , rd).
output: The components (U1,U2, . . . ,Ud) of the T-HOSVD basis
output: Coefficients array C ∈ kr1×r2×···×rd
for k = 1, 2, . . . , d do

Compute the compact SVD A(k) = UkΣkQ∗k ;

Let Uk contain the first rk columns of Uk ;

end

C ← (U
∗
1,U

∗
2, . . . ,U

∗
d) · A;
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The resulting approximation is quasi-optimal.

Proposition (Hackbusch, 2012)

Let A ∈ kn1×···×nd , and let A∗ be the best rank-(r1, . . . , rd) approximation to B, i.e.,

‖A − A∗‖F = min
mlrank(B)≤(r1,...,rd )

‖A − B‖F .

Then, the rank-(r1, . . . , rd) T-HOSVD approximation AT is a quasi-best approximation:

‖A − AT‖F ≤
√

d‖A − A∗‖F .
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ST-HOSVD

The idea of the sequentially truncated HOSVD (ST-HOSVD) is sequentially choosing
projections with the aim of minimizing the error expression:

− =

=‖A − π1π2π3A‖2
+ +

+ +‖π⊥1 A‖2 ‖π⊥2 π1A‖2 ‖π⊥3 π1π2A‖2
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ST-HOSVD greedily minimizes the foregoing error expression. That is, it computes

π̂1 = arg min
π1
‖π⊥1 A‖2

π̂2 = arg min
π2
‖π⊥2 π̂1A‖2

...

π̂d = arg min
πd
‖π⊥d π̂d−1 · · · π̂2π̂1A‖2
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In practice, minπk ‖π⊥k π̂k−1 · · · π̂1A‖F is computed as follows:

min
Uk∈Stnk ,rk

‖UkU∗kA(k)(Û1Û∗1 ⊗ · · · ⊗ Ûk−1Û∗k−1 ⊗ I ⊗ · · · ⊗ I )T‖F

= min
Uk

‖UkU∗kA(k)(Û∗1 ⊗ · · · ⊗ Û∗k−1 ⊗ I ⊗ · · · ⊗ I )T‖F

= min
Uk

‖UkU∗kCk−1
(k) ‖F ,

where we define

Ck−1 := (Û∗1 , . . . , Û
∗
k−1, I , . . . , I ) · A = Û∗k−1 ·k−1 Ck−2.

The solution of minUk∈Stnk ,rk ‖UkU∗kCk−1
(k) ‖F is given by the rank-rk truncated SVD of Ck−1

(k) .
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Visually, here’s what happens for a third-order tensor.

C0 = A C1
(1) = Û∗

1 C0
(1) C2

(2) = Û∗
2 C1

(2) C3
(3) = Û∗

3 C2
(3)
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The ST-HOSVD algorithm is thus a minor modification of the T-HOSVD algorithm.

Algorithm 3: ST-HOSVD Algorithm

input : A tensor A ∈ kn1×n2×···×nd
input : A target multilinear rank (r1, r2, . . . , rd).
output: The components (Û1, Û2, . . . , Ûd) of the ST-HOSVD basis
output: Coefficients array Ĉ ∈ kr1×r2×···×rd
Ĉ ← Â;
for k = 1, 2, . . . , d do

Compute the compact SVD C(k) = UkΣkQ∗k ;

Let Ûk contain the first rk columns of Uk ;

Ĉ ← Û∗k ·k Ĉ ;

end
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The resulting approximation is also quasi-optimal.

Proposition (Hackbusch, 2012)

Let A ∈ kn1×···×nd , and let A∗ be the best rank-(r1, . . . , rd) approximation to A, i.e.,

‖A − A∗‖F = min
mlrank(B)≤(r1,...,rd )

‖A − B‖F .

Then, the rank-(r1, . . . , rd) ST-HOSVD approximation AS is a quasi-best approximation:

‖A − AS‖F ≤
√

d‖A − A∗‖F .
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Computational performance

Assume that we truncate a tensor in kn×···×n to multilinear rank (r , . . . , r). The computational
complexity of ST-HOSVD (with randomized truncated SVDs) is

O

(
rnd +

d∑
k=2

nd+1−k rk

)
operations,

which compares favorably to T-HOSVD’s

O
(

drnd
)

operations.

Note that larger speedups are possible for uneven mode sizes n1 ≥ n2 ≥ · · · ≥ nd ≥ 2, as
you will show in the problem sessions.
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Overview
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5 Application: dimensionality reduction (5’)
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Application: dimensionality reduction

A general, main application of the truncated HOSVD consists of dimensionality reduction.

A truncated HOSVD identifies the minimal separable tensor subspace V1 ⊗ · · · ⊗Vd in which a
tensor A ∈W1 ⊗ · · · ⊗Wd (approximately) lives. As a geometric principle, geometric
properties of A do not depend on the basis in which A is expressed!

Hence, most geometric analyses of A can be applied verbatim to the coordinate tensor C ,
expressing A relative to V1 ⊗ · · · ⊗ Vd . This type of general and (usually) fast preprocessing is
called Tucker compression.
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Dimensionality reduction is also a stand-alone use case. That
is, compression of (structured) higher-order data arrays. In
Baert and V (2021), we considered data from

X-ray scans,

diffusion tensor images,

hyperspectral images, and

simulation results of partial differential equations (CFD,
climate, and weather).

These data sets can get large quickly!

Isotropic-V is a 1.5GiB tensor of size 512× 512× 512× 3,

Deforest-33 is a 12.0GiB tensor of size
19× 79× 33× 180× 360,

Hurricane is a 24.2GiB tensor of size
13× 20× 100× 500× 500.
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Uncompressed size is 800MiB.
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Conclusions

The higher-order singular value decomposition can identify the minimal separable tensor
subspace in which a given tensor lives. Most analyses can then proceed on the core tensor.

Tucker compression
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